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Abstract
Generalizing work of Haydys [7] and Hitchin [8], we prove the
existence of a hyperholomorphic line bundle on certain hyperka¨hler
manifolds that do not necessarily admit an S1 action. As examples, we
consider the moduli space of (non-strongly) parabolic Higgs bundles,
the moduli space of solutions to Nahm’s equations, and Nakajima
quiver varieties.
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1 Introduction
A hyperholomorphic line bundle over a hyperka¨hler manifold is a line bundle
with connection whose curvature is of type (1,1) in each complex structure.
Conversely, given an integral 2-form that is of type (1,1) in each complex
structure we can find a line bundle with connection of that curvature. Work
of Haydys [7] and Hitchin [8, 9] has shown the existence of a canonical hyper-
holomorphic line bundle on a hyperka¨hler manifold admitting an S1 action
that preserves the metric and one complex structure while rotating the other
two. Specifically, they prove
Theorem 1. Suppose (M, g, ωI , ωJ , ωK) is a hyperka¨hler manifold with an
isometric action of S1 such that
LXωI = 0, LXωJ = −ωK , LXωK = ωJ ,
or, equivalently,
dα = 0, d(Jα) = ωJ , d(Kα) = ωK ,
where X is the Killing vector field that generates the S1 action and α = iXωI .
Then
ωI + dd
c
Iµ
is of type (1,1) in every complex structure, where µ ∈ C∞(M) is the moment
map for the S1-action (in symplectic structure ωI). In particular, if (M,ωI)
is prequantizable then M admits a hyperholomorphic line bundle with the
above form as its curvature.
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This line bundle is used in a correspondence between hyperka¨hler and
quaternion Ka¨hler manifolds [7, 8] and also appears in physics in the case
that M is the moduli space of Higgs bundles [17].
We will generalize theorem 1 to
Theorem 2. Let X be any vector field (not necessarily Killing) on a hy-
perka¨hler manifold M and let α = iXωI . Suppose there are 2-forms F1, F2 of
type (1,1) in each complex structure such that the following equations,
LXωI = 0, LXωJ = −ωK − F2, LXωK = ωJ + F1, (1)
which are equivalent to
dα = 0, d(Jα) = ωJ + F1, d(Kα) = ωK + F2, (2)
are satisfied. Then
ωI − d(Iα)
is of type (1,1) in each complex structure.
Note that if X comes from an S1-action with moment map µ, then dcIµ =
−Iα. Just as the typical examples of hyperka¨hler manifolds with S1 actions
satisfying the conditions of theorem 1 are cotangent bundles, we will see
that hyperka¨hler manifolds satisfying the conditions of 2 look like twisted
cotangent bundles.
Despite the odd first impression of the equations (1) and (2), they arise
quite naturally. An example of a manifold satisfying the conditions of the-
orem 1 is the moduli space of Higgs bundles, with the S1-action given by
scaling the Higgs field. If one instead looks at the moduli space of Higgs
bundles over a Riemann surface where the Higgs fields are allowed to have
simple poles along a fixed divisor, then the moduli space P is a holomorphic
Poisson manifold [14]. The symplectic leaves M of P are given by fixing
the eigenvalues for the residues of the Higgs fields and have a hyperka¨hler
structure [11, 16]. The S1-action on P clearly does not preserve this foliation
but we show that there is a canonical projection map from TP to TM under
which the vector field generating the S1-action on P projects to a vector field
that satisfies (1) on any symplectic leaf.
The conditions of theorem 2 also naturally arise as the result of hy-
perka¨hler reduction on a hyperka¨hler manifold M with G-basic 1-form α
satisfying the conditions of theorem 1 (e.g. if M has an S1-action). Then
3
the conditions of theorem 1 may not descend to the hyperka¨hler quotient
and need to be replaced by the weaker conditions of 2. This general set-up
is discussed in section 3.
Associated to a hyperka¨hler manifold M4n is its twistor space Z, which is
a complex manifold of complex dimension 2n+1 and fibers over CP 1. There
is a one-to-one correspondence between hyperholomorphic line bundles on
M and holomorphic line bundles on Z that are trivial on twistor lines. In
the case that M admits an S1 action, Hitchin [8] gives a Ceˇch description
of this line bundle over Z. Further, he shows that this line bundle has a
meromorphic connection with singularities on the fibers over the north and
south poles of CP 1. We generalize this Ceˇch description in the case that
M satisfies the conditions of theorem 2. The main difference is that there
is no longer a meromorphic connection, as the curvature (whose (1,1) part
represents the Atiyah class of the holomorphic line bundle) of the analogous
connection has terms involving the (1,1)-forms F1 and F2.
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2 Proof of theorem 2
We now prove theorem 2. Our proof is different than the one given in [8]
and rests on the vanishing of the Nijenhuis tensor in each complex structure.
We first note that the equivalence of equations 1 and 2 follows from Cartan’s
homotopy formula and the facts that iXωJ = −Kα and iXωK = Jα.
Thus suppose we have a 1-form α on a hyperka¨hler manifoldM satisfying
(2). Since ωI is of type (1,1) in the I complex structure, to show that
ωI − d(Iα) is also (1,1) in the I complex structure we must show that d(Iα)
is, i.e. that d(Iα)(Iv, Iw) = d(Iα)(v, w) for all vector fields v and w. We
have
d(Iα)(Iv, Iw) = −Iv · α(w) + Iw · α(v)− α(I[Iv, Iw]).
The vanishing of the Nijenhuis tensor gives us
I[Iv, Iw] = I[v, w]− [Iv, w]− [v, Iw],
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which implies that
d(Iα)(Iv, Iw) = −Iv · α(w) + α([Iv, w]) + Iw · α(v) + α([v, Iw])− α(I[v, w])
= dα(w, Iv)− w · α(Iv) + dα(Iw, v) + v · α(Iw)− α(I[v, w])
= dα(w, Iv) + dα(Iw, v) + d(Iα)(v, w)
= d(Iα)(v, w),
since dα = 0.
For the complex structure J , we compute
d(Iα)(Jv, Jw) = Jv · α(Kw)− Jw · α(Kv)− α(I[Jv, Jw])
= Jv · α(Kw)− Jw · α(Kv)− α(I[v, w] +K[Jv, w] +K[v, Jw])
= (Jv · α(Kw)− α(K[Jv, w])) + (−Jw · α(Kv)− α(K[v, Jw]))− α(I[v, w])
= d(Kα)(Jv, w) + w · α(KJv) + d(Kα)(v, Jw)− v · α(KJw)− α(I[v, w])
= d(Kα)(Jv, w) + d(Kα)(v, Jw) + v · α(Iw)− w · α(Iv)− α(I[v, w])
= d(Kα)(Jv, w) + d(Kα)(v, Jw) + d(Iα)(v, w)
= ωK(Jv, w) + F2(Jv, w) + ωK(v, Jw) + F2(v, Jw) + d(Iα)(v, w)
= ωK(Jv, w) + ωK(v, Jw) + d(Iα)(v, w),
where we have used the Nijenhuis identity
[Jv, Jw] = [v, w] + J [Jv, w] + J [v, Jw]
in the second equality and the last equality follows from the fact that F2 is
of type (1,1) in J . Thus to show that ωI − d(Iα) is of type (1,1) in J , we
need to show that
ωI(Jv, Jw)− ωK(Jv, w)− ωK(v, Jw) = ωI(v, w).
But the left hand side is
g(IJv, Jw)− g(KJv, w)−g(Kv, Jw)
= g(Kv, Jw) + g(Iv, w)− g(Kv, Jw)
= g(Iv, w)
= ωI(v, w),
as desired.
Since ωI − d(Iα) is of type (1,1) in complex structures I and J , it is also
of type (1,1) in complex structure K.
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3 Hyperka¨hler reduction
We will now see how the hyperholomorphic 2-form interacts with hyperka¨hler
reduction. Suppose a hyperka¨hler manifold M has a 1-form α satisfying
dα = 0, d(Jα) = ωJ , d(Kα) = ωK (3)
as well as a hamiltonian action of a Lie group G that preserves the hy-
perka¨hler structure and α (such an example is the case of an S1 action, as
in theorem 1, that commutes with the action of G). Let
µG = (µI , µJ , µK) :M → g
∗ ⊗ R3
be the moment map and denote byM//G the hyperka¨hler reduction at 0, i.e.
as a manifold M//G is µ−1G (0)/G and the hyperka¨hler structure is induced
from that of M (see e.g. [10] for more details). We want to understand when
α descends to the hyperka¨hler quotient M//G and satisfies (2) for some F1
and F2.
If M has an S1 action with Killing vector field X then a natural compat-
ibility between the S1 and G actions one may want is the equations
X · µI = 0, X · µJ = −µK , X · µK = µJ , (4)
which say that the moment map is equivariant with respect to the S1-action
on R3 given by rotation about (1, 0, 0).
If µ is a moment map for symplectic form ω and Y ∈ g, we let µY denote
the function x 7→ µ(x)(Y ) on M . Then dµY = iY ∗ω where Y ∗ is the action
vector field on M coming from Y .
Proposition 1. If µG satisfies (4), which is equivalent to
α(Y ∗) = 0, (Jα)(Y ∗) = −µYJ , (Kα)(Y
∗) = −µYK for all Y ∈ g, (5)
then α descends to a 1-form αˆ on the hyperka¨hler quotient M//G, which
continues to satisfy (3).
Proof. By the previous comments, we have
X · µYI = dµ
Y
I (X) = ωI(Y
∗, X) = −α(Y ∗),
X · µYJ = dµ
Y
J (X) = ωJ(Y
∗, X) = ωI(X,KY
∗) = (Kα)(Y ∗), (6)
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and, similarly,
X · µYK = −(Jα)(Y
∗). (7)
This establishes that (4) and (5) are equivalent. But from (5), we see that
α, Jα and Kα are all G-basic when restricted to µ−1G (0). Therefore they
descend to forms on M//G that continue to satisfy (2).
If we only impose that α be G-invariant, then equations (4) only hold up
to locally constant functions:
Proposition 2. The form α being G-invariant is equivalent to any of the
following holding for all Y ∈ g.
1. [X, Y ∗] = 0.
2. LY ∗α = 0.
3. d(X · µYI ) = 0.
4. d(X · µYJ + µ
Y
K) = 0.
5. d(X · µYK − µ
Y
J ) = 0.
6. d(α(Y ∗)) = 0.
7. d(Jα(Y ∗) + µYJ ) = 0.
8. d(Kα(Y ∗) + µYK) = 0.
Proof. Since ωI is G-invariant the G-invariance of α is equivalent to X being
G-invariant, which is equivalent to 1. We have
LY ∗α = LY ∗iXωI = iXLY ∗ωI + i[Y ∗,X]ωI = i[Y ∗,X]ωI ,
from which we get (1)⇔ (2) by the non-degeneracy of ωI . Also,
d(X · µYI ) = d(ωI(Y
∗, X)) = −diY ∗α = −LY ∗α,
showing that (2)⇔ (3).
For (4) we have
d(X · µYJ ) = LXdµ
Y
J
= LXiY ∗ωJ
= iY ∗LXωJ + i[X,Y ∗]ωJ
= −iY ∗ωK + i[X,Y ∗]ωJ
= −dµYK + i[X,Y ∗]ωJ .
Thus
d(X · µYJ + µ
Y
K) = i[X,Y ∗]ωJ ,
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which gives (1) ⇔ (4) by the non-degeneracy of ωJ . A similar calculation
shows (1)⇔ (5).
Cartan’s homotopy formula and the fact that α is closed gives (2)⇔ (6).
Finally, equations (6) and (7) show that (4)⇔ (8) and (5)⇔ (7).
In the examples we will consider (moduli spaces of parabolic Higgs bun-
dles and solutions to Nahm’s equations), only the first equation in (5) is
satisfied (i.e. α is G-basic but not necessarily Jα or Kα). From (2), the
functions Jα(Y ∗) and Kα(Y ∗) are locally constant on µ−1G (0). Assuming
these are actually constant, we get linear maps
(Jα)g : g→ R, Y 7→ (Jα)(Y
∗)
(Kα)g : g→ R, Y 7→ (Kα)(Y
∗).
Proposition 3. (Jα)g and (Kα)g are Lie algebra homomorphisms, i.e. they
vanish on [g, g].
Proof. Since ωJ is basic and (Jα)(Y
∗
j ) is constant, we have
0 = ωJ(Y
∗
1 , Y
∗
2 ) = d(Jα)(Y
∗
1 , Y
∗
2 ) = −Jα([Y
∗
1 , Y
∗
2 ]) = −Jα([Y1, Y2]
∗)
and similarly for Kα.
We will denote the hyperka¨hler structures on M//G by ,ˆ e.g. Iˆ , ωˆI , etc.
Let Ω ∈ A 2(µ−1G (0); g) be the curvature of the principal G-connection on
µ−1G (0) → M//G induced by the metric on M , which is of type (1,1) in all
complex structures [5]. Then (Jα)g ◦ Ω and (Kα)g ◦ Ω give characteristic
classes that obstruct the equation d(Jˆ αˆ + iKˆαˆ) = ωJ + iωK :
Proposition 4. Suppose α is G-basic, satisfies (3), and the functions Jα(Y ∗), Kα(Y ∗)
are constant for all Y ∈ g (when restricted to µ−1G (0)). Then α naturally de-
scends to a 1-form αˆ on M//G satisfying the conditions of theorem 2, i.e.
dαˆ = 0, d(Jˆαˆ) = ωˆJ + F1, d(Kˆαˆ) = ωˆK + F2,
with F1 and F2 of type (1,1) in each complex structure. Specifically,
F1 = (Jα)g ◦ Ω, F2 = (Kα)g ◦ Ω. (8)
This proposition follows from the following general fact:
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Lemma 1. Suppose P
pi
→ X is a principal G bundle with connection of
curvature Ω, β ∈ A 1(P ) is G-invariant and dβ = π∗γ is G-basic. Then for
all Y ∈ g, β(Y ∗) is locally constant and, assuming this is actually constant,
we have
dβˆ = γ + βg ◦ Ω
where βˆ is the 1-form on X coming from the connection and βg : g → R is
the map Y 7→ β(Y ∗).
Thus it may happen (as we will see in the examples) that while α naturally
descends to αˆ on the hyperka¨hler quotient, the dual vector field X , while G-
invariant, is not tangent to µ−1G (0). If Xˆ is the vector field on M//G dual
to αˆ, then its horizontal lift to µ−1G (0) is the orthogonal projection of X onto
the level set and the R-action determined by Xˆ may not be an S1-action.
Unlike in the case of an S1-action, the Ka¨hler forms ωJ and ωK are no
longer exact. It is thus natural to ask when they are pre-quantizable, i.e.
when their cohomology classes live in H2(M ; 2πZ). By the previous propo-
sition, ωJ and ωK are cohomologous to F1 and F2, respectively. However,
if the representation i(Jα)g → iR lifts to G → U(1) then the unitary line
bundle µ−1G (0) ×G C has a connection with curvature i(Jα)g ◦ Ω = F1 (and
similarly for Kα and F2). Thus we see
Corollary 1. If the representation i(Jα)g : g → iR, (resp. i(Kα)g : g →
iR), lifts to G→ U(1) then ωJ (resp. ωK) is prequantizable.
3.1 Push-down
There is a natural way to pushdown the hyperholomorphic line bundle on M
toM//G. We first note that topologically this line bundle is the prequantum
line bundle for ωI and so has the infinitesimal Kostant action of G. The
hyperholomorphic connection is G-invariant since it is ∇ = ∇pq − Iα with
Iα G-invariant. Now we restrict it to the level set µ−1G (0)
ι
→ M , which is a
principal G-bundle over M//G that has a canonical connection given by the
metric on M . Then the push-downed line bundle with connection on M//G
is defined via
(∇ˆ, (ι∗L)/G), ∇ˆv = ∇vH ,
where vH is a horizontal lift of v. Since the pushdown of ∇pq is the pre-
quantum connection ∇M//G,pq onM//G, we have ∇ˆ = ∇M//G,pq− Iˆ αˆ. There-
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fore the hyperholomorphic line bundle on M//G is obtained via pushdown
from the hyperholomorphic line bundle on M .
4 The line bundle on twistor space
4.1 Twistor space
Recall that associated to a hyperka¨hler manifold is its twistor space Z
pi
→
CP 1. As a smooth manifold, Z = M × CP 1 but the complex structure at
(x, ζ) is Iζ ⊕ ICP 1 , where Iζ = aI + bJ + cK for ζ = (a, b, c) ∈ S
2 ≃ CP 1.
There is a one to one correspondence between hyperholomorphic line bundles
on M and holomorphic line bundles on Z that are trivial when restricted to
twistor lines.
Let TV = ker π∗ be the vertical vectors and dV be the vertical de Rham
differential on A •V = Γ(Z; Λ
•T ∗V ). Let A
p,q
Z (2) (resp. A
p,q
V (2)) denote the
space of (p, q) forms on Z (resp. sections of Λp,qT ∗V ) with simple singularities
on the divisor Z0 + Z∞ = {ζ = 0} ∪ {ζ = ∞}. Z comes equipped with the
following:
• A real structure, i.e. an anti-holomorphic involution
τ : Z → Z, (x, ζ) 7→
(
x,−
1
ζ¯
)
.
• A vertical meromorphic symplectic form
ω =
1
iζ
(ωJ + iωK) + 2ωI +
ζ
i
(ωJ − iωK) ∈ A
2,0
V (2)
Our construction will use the map
τ ∗ : A •Z → A
•
Z , γ 7→ τ
∗γ, (9)
which preserves the type decomposition of differential forms and commutes
with d.
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4.2 The Lie algebroid
We can generalize the construction in [8] of the holomorphic line bundle on
Z corresponding to the hyperholomorphic line bundle on a simply-connected
hyperka¨hler manifold M with 1-form α satisfying (2). Actually, as in [8], we
will construct a holomorphic Lie algebroid extension
0→ OZ → E → T
1,0Z → 0,
isomorphism classes of which correspond to the Ceˇch cohomology group
H1(dOZ). Such a Lie algebroid is equivalent to a line bundle if the char-
acteristic class in H2(Z;C), which comes from the short exact sequence of
sheaves 0→ C→ OZ → dOZ → 0, is integral.
Relative to a cover Uj of U = {ζ 6=∞} we will construct ϕj ∈ A 1,0(Uj −
{ζ = 0}) that satisfy the following
1. dϕj = dϕk.
2. (ζϕj)|ζ=0 = (ζϕk)|ζ=0.
3. τ ∗(dϕj) = −dϕj
From this we see that {ϕk − ϕj} gives a 1-cocycle of closed holomorphic
1-forms and therefore defines a holomorphic Lie algebroid on U . To extend
this to all of Z we observe that, by point 3., the forms −τ ∗(ϕj) give a singular
connection on a Lie algebroid over {ζ 6= 0} of the same curvature. Therefore,
the collection {ϕk−ϕj , τ ∗(ϕk)−ϕj , τ ∗(ϕj)−τ ∗(ϕk)} gives a 1-cocycle of closed
1-forms on all of Z.
When there is an S1-action, the connection {ϕj,−τ ∗(ϕk)} on Z\(Z0∪Z∞)
is holomorphic, but now the curvature picks up the term 1
ζ
(F1+ iF2)+ζ(F1−
iF2), which is of type (1,1). Thus the Atiyah class of the line bundle on
Z\(Z0 ∪ Z∞) is[
1
ζ
(F1 + iF2) + ζ(F1 − iF2)
]
∈ H1,1(Z\(Z0 ∪ Z∞)) ≃ H
1(Ω1Z\(Z0∪Z∞)),
which obstructs the existence of a meromorphic connection on the line bun-
dle.
Since our construction follows [8] very closely and we do not use it in the
following examples, the details appear in the appendix.
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5 Examples
We now focus on three examples: moduli spaces of parabolic Higgs bun-
dles. Nakajima quiver varieties, and moduli spaces of solutions to Nahm’s
equations.
5.1 Moduli space of parabolic Higgs bundles
Following the construction of the moduli spaces of parabolic Higgs bundles
of Konno [11] and Nakajima [16], we fix the following data:
• A closed Riemann surface Σ with a topological vector bundle E → Σ
of rank r with trivial determinant bundle.
• A divisor D = p1 + · · ·+ pn.
• A flag of Epj for each j (which we assume to be complete for simplicity).
• Parabolic weights α(j)k , k = 1, . . . , r, j = 1, . . . , n, that satisfy
0 ≤ α(j)1 < . . . < α
(j)
r < 1.
• Numbers λ(j)k ∈ C, k = 1, . . . , r, j = 1, . . . , n such that
∑
k λ
(j)
k = 0.
These will be the eigenvalues of the residues of the Higgs fields at the
punctures.
• A singular hermitian metric h that at each puncture pj takes the form
h = diag(|zj|
2α
(j)
1 , . . . , |z|2α
(j)
r )
with respect to the flag, where zj is a local holomorphic coordinate
vanishing at pj .
Definition 1. A parabolic Higgs bundle (with respect to the above data) is a
pair (∂¯E , θ) where ∂¯E is a holomorphic structure on E and θ ∈ Ω1(E; Par sl(E)(D))
is a meromorphic 1-form such that Respj θ ∈ sl(Epi) preserves the parabolic
structure and has eigenvalues λ
(j)
1 , . . . , λ
(j)
r .
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Note that in much of the literature parabolic Higgs bundles refers to the
special case where the residues are nilpotent. We will call such parabolic
Higgs bundles strongly parabolic.
As a hyperka¨hler manifold, the moduli space is obtained via hyperka¨hler
reduction of the infinite dimensional affine space
C = {singular su(E, h)-connections} ×A 1,0λ (Σ; Par sl(E)(D))
where A 1,0λ (Σ; Par sl(E)(D)) consists of all θ ∈ A
1,0(Σ−D; sl(E)) such that
• zjθ is smooth at each pj, where zj is a local holomorphic coordinate
centered at pj , and Respj θ preserves the parabolic structure at pj .
• Respj θ has eigenvalues {λ
(j)
k }.
C is an affine space modeled on A 0,1(Σ; sl(E))×A 1,0(Σ; SPar sl(E)(D)),
where SPar sl(E) is the space of traceless endomorphisms that are nilpotent
at the punctures. The hyperka¨hler structure is given by
g((a, b), (a, b)) = 2i
∫
Σ
tr(a∗ ∧ a + b ∧ b∗),
I(a, b) = (ia, ib), J(a, b) = (ib∗,−ia∗), K(a, b) = (−b∗, a∗),
for a ∈ A 0,1(Σ; sl(E)), b ∈ A 1,0(Σ; SPar sl(E)(D)).
The group G = A 0(ParSU(E)) of parabolic special unitary gauge trans-
formations acts on the affine space preserving the hyperka¨hler structure and
Hitchin’s equations
FA + [θ, θ
∗] = 0
∂¯Aθ = 0
(10)
arise as the zero level set of the moment map µG . The hyperka¨hler quotient
M is the moduli space of parabolic Higgs bundles. We note that to rigorously
define this space, one must use weighted Sobolev spaces as in [11] and [16],
but we ignore this technical issue.
If all of the λ
(j)
k are zero (or we consider non-singular Higgs bundles), then
there is an S1-action given by multiplication on the Higgs field. The moment
map of this action is C ∋ (A, θ) 7→ −i
∫
Σ
tr(θ ∧ θ∗) and its exterior derivative
is
α(A,θ)(a, b) = −i
∫
Σ
tr(θ ∧ b∗ + b ∧ θ∗) (11)
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In the general case with λ
(j)
k not all zero, the integral defining the moment
map diverges but the integral defining α converges. This is because near a
puncture pj
θ =

 λ
(j)
1 0. . .
* λ
(j)
r

 dz
z
+ higher order terms
b∗ = |z|γ


0 *. . .
0 0

 dz¯
z¯
+ higher order terms
where γ > 0. Then tr(θ ∧ b∗) is of the order |z|γ dz∧dz¯
|z|2
which in polar coordi-
nates z = |z|eiθ is −2i|z|1−γd|z|dθ, which is integrable.
It is straightforward to check that α satisfies
dα = 0, d(Jα) = ωJ , d(Kα) = ωK , α(Y
∗) = 0
for Y ∈ A 0(Par su(E)) (here the action field is Y ∗(A,θ) = (∂¯AY, [θ, Y ])). Thus
to invoke proposition 4, we just need to check that on µ−1G (0), the (necessarily
locally constant) functions
(A, θ) 7→ (Jα)(A,θ)(Y
∗), (Kα)(A,θ)(Y
∗)
are indeed constant, which happens if and only if the function (Jα+iKα)(Y ∗)
is constant in (A, θ).
Proposition 5. We have
(Jα + iKα)(∂¯AY, [θ, Y ]) = −2
n∑
j=1
tr(diag(λ
(j)
1 , . . . , λ
(j)
r )Ypj),
where the linear map diag(λ
(j)
1 , . . . , λ
(j)
r ) is represented via the flag at pj.
Proof. A straightforward computation gives
(Jα + iKα)(a, b) = 2
∫
Σ
tr(θ ∧ a).
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Thus
(Jα + iKα)(∂¯AY, [θ, Y ]) = 2
∫
Σ
tr(θ ∧ ∂¯AY )
= −2
∫
Σ
tr
(
∂¯A(θa)
)
= −2
∫
Σ
d tr(θY )
= −2
∑
j
tr(Res θpjYpj).
where the second equality comes from ∂¯Aθ = 0 and the last line is a conse-
quence of the residue theorem.
Therefore by proposition 4 and theorem 2
Theorem 3. The moduli space M has a hyperholomorphic line bundle (or
hyperholomorphic Lie algebroid extension if ωI is not quantizable) of curva-
ture 2iωI − 2id(Iα).
Remark. In the case of SU(2) Higgs bundles, Konno [12] shows that ωI is
prequantizable if the parabolic weights satisfy
2α(1), . . . , 2α(n)r ,
n∑
j=1
α(j) ∈ Z.
where α(j) is the parabolic weight at the jth puncture.
On an open dense set, the spaceM is a twisted cotangent bundle over the
moduli space N of parabolic vector bundles. This subspace of M is simply-
connected since N is [2] and so we can use the construction in section 4 to
construct the holomorphic Lie algebroid on the twistor space of the twisted
cotangent bundle.
Over a puncture, we have
Par su(Epj) ≃ {(it
(j)
1 , . . . , it
(j)
r ) ∈ u(1)
r | t(j)1 + · · ·+ t
(j)
r = 0}.
and the representation (Jα + iKα)LieG is the composition
A
0(Par su(E))→
n∏
j=1
Par su(Epj)
λ
→ C,
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where the last map is the representation of
∏n
j=1 u(1)
r that has weights
−2λ(j)1 , . . . ,−2λ
(j)
r on the jth factor. If λ
(j)
k ∈
r
2
Z then this last represen-
tation lifts to the Lie group
n∏
j=1
ParSU(Epj )/Zr
≃
n∏
j=1
{(e2piit
(j)
1 , . . . , e2piit
(j)
r ) ∈ U(1)r | t(j)1 + · · ·+ t
(j)
r = 0}/Zr,
in which case we also get a lift of the representation of (Jα + iKα)LieG to
G (here Zr is the group of constant gauge transformations, given by the rth
roots of unity). Thus from corollary 1 we see
Proposition 6. The symplectic form ωJ (resp. ωK) is pre-quantizable if
Imλ
(j)
k (resp. Reλ
(j)
k ) ∈
r
2
Z for all j, k.
Remark. From this perspective we can relate the form F1 + iF2 to hyper-
holomorphic structures that occur in wall-crossing in physics [4]. We have
the exact sequence
1→ Gp → G →
n∏
j=1
ParSU(Epj)/Zr → 1,
where Gp is the normal subgroup of gauge transformations that restrict to the
identity at every puncture. Then the moduli spaceM can be obtained by per-
forming hyperka¨hler reduction in steps: we can first form the hyperka¨hler quo-
tient of C by the action of Gp. The resulting (finite-dimensional) hyperka¨hler
manifold, M′, will have a hamiltonian action of
∏n
j=1ParSU(Epj )/Zr and
taking the hyperka¨hler quotient gives M. If we let µp denote this last mo-
ment map, then µ−1p (0) → M is a principal
∏n
j=1 ParSU(Epj)/Zr-bundle.
The curvature of this principal bundle will be a 2-form with values in su(Epj )
which is (1,1) in each complex structure [5]. This hyperholomorphic projec-
tive bundle is considered in the case of (non-singular) Higgs bundle in [4].
Now because of the complete flag we have a decomposition of the fibers Epj
into a direct sum of lines, which gives a decomposition of the curvature 2-
form in terms of scalar 2-forms. Then the 2-form F1 + iF2 is the linear
combination of these 2-forms weighted by (-2 times) the eigenvalues of the
residues of the Higgs fields.
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From (8) the form F1+iF2 is (Jα+iKα)Lie(G)◦Ω, where Ω is the curvature
of the connection on the infinite rank principal bundle G → µ−1G (0) → M.
Using similar arguments as in [3, 6], one sees that
Ω(A, θ)((a1, b1), (a2, b2)) = −2G(A,θ) ad
∗
(a1,b1)
(a2, b2),
where G(A,θ) is the Green’s operator in degree 0 of the complex
A
0(Par su(E))
∇A+θ
→ A 1(su(E)(D))→ · · · .
We therefore see that F1 + iF2 vanishes in the abelian case of U(1)-
Higgs bundles. Indeed, in the U(1) case Hitchin’s equations decouple and
the moduli space is just the product space of holomorphic line bundles with
H0(K(D))λ, the space of meromorphic 1-forms with simple poles at each pj
of residue λ(j). H0(K(D))λ is affine on H
0(K) and picking a fixed parabolic
Higgs field θ0 ∈ H0(K(D))λ determines a diffeomorphism that preserves the
hyperka¨hler structures. From our set-up, and the discussion to take place in
the following section, we see that there is actually a canonical choice of θ0
given by the vanishing locus of α, i.e. θ0 is determined by∫
Σ
θ0 ∧ b¯ = 0
for all b ∈ H0(K). Equivalently,∫
Σ
θ0 ∧ a = 0 for all harmonic (0, 1) forms a.
5.1.1 Relationship to the S1-action on the moduli space of all
parabolic Higgs bundles
The moduli space of all parabolic Higgs bundles (where the eigenvalues of
residues are not fixed) is a holomorphic Poisson manifold [14] whose sym-
plectic leaves are the hyperka¨hler manifolds defined above. From our per-
spective, we let P be the moduli space of solutions to Hitchin’s equations
(10) as above except we no longer fix the eigenvalues of the residues of the
Higgs field. There is a natural S1-action on P given by scaling the Higgs field
and we let X˜ denote the vector field on P that generates it. We will show
that there is a canonical projection map p : TP → TM, where TM ⊂ TP
is the distribution underlying the foliation by Higgs fields whose residues
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have fixed eigenvalues, and that p(X˜) is the vector field X of theorem 2 (i.e.
α = ip(X˜)ωI).
By linearizing (10), at a point (A, θ) ∈ P we have
T(A,θ)P =
{
(a, b) |
∂Ea− ∂¯Ea
∗ + [θ, b∗] + [b, θ∗] = 0,
[a, θ] + ∂¯Eb = 0.
}
{(∂¯AY, [θ, Y ]) | Y ∈ A 0(Par su(E))}
⊂
A 0,1(sl(E))×A 1,0(Par sl(E)(D))
A 0(Par su(E))
and similarly for T(A,θ)M, except that b must lie in A
1,0(SPar sl(E)(D)). It
is then straightforward to check that
ω˜I : TP⊗TM→ R, ω˜I((a1, b1), (a2, b2)) =
∫
Σ
tr(a∗1∧a2−a
∗
2∧a1−b1∧b
∗
2+b2∧b
∗
1)
is well-defined and restricts to the Ka¨hler form ωI on any symplectic leaf.
This in turn defines a natural projection p : TP → TM via ωI(p(v), w) =
ω˜I(v, w) for all w ∈ TM. The vector field X˜ on P is given by X˜(A,θ) = (0, iθ)
and X is defined by iXωI = α. From (11) and the definition of ω˜I , we
therefore see that p(X˜) = X .
5.2 Nakajima quiver varieties
We first recall the following general set-up. Suppose V is a hermitian vector
space. Then T ∗V ≃ V × V ∗ has the structure of a hyperka¨hler manifold,
where I is given by multiplication by i and
J(v′, w′) = (−w′∗, v′∗), (v′, w′) ∈ V ⊕ V ∗ ≃ T(v,w)(T
∗V ),
where ∗ : V ←→ V ∗ is the conjugate linear isomorphism determined by the
hermitian metric. The action of S1 on T ∗V given by scalar multiplication on
V ∗ satisfies the hypotheses of theorem 1 and the moment map of this action
is
µ : T ∗V → R, (v, w) 7→ −
1
2
||w||2.
Letting α = dµ, we record for later use the following useful equations:
α(v,w)(v
′, w′) = −g((0, w), (0, w′)) (12)
(Jα + iKα)(v,w)(v
′, w′) = (ωJ + iωK)((0, w), (v
′, w′)). (13)
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We will now consider the Nakajima quiver varieties [15]. Let Q be a
quiver (i.e. directed graph) with n vertices labeled {1, 2, . . . , n} and let v =
(v1, . . . , vn),w = (w1, . . . , wn) ∈ Zn. Let
MQ =
⊕
i→j∈Q
Hom(Cvi ,Cvj)⊕
n⊕
k=1
Hom(Cwk ,Cvk)
be the space of representations of the framed quiver of Q (here we are iden-
tifying Q with its set of oriented edges). Then MQ is a hermitian vector
space (coming from the standard hermitian structure on Cm) so that, by
the preceding discussion, T ∗MQ is a hyperka¨hler vector space with S
1-action
satisfying the conditions of theorem 1. If H denotes the union of the edges
of Q along with the edges with the opposite orientation then we have
T ∗MQ =
⊕
i→j∈H
Hom(Cvi,Cvj )⊕
n⊕
k=1
Hom(Cwk ,Cvk)⊕
n⊕
k=1
Hom(Cvk ,Cwk).
Using the notation of [15], we write (B, i, j) = (Bh, ik, jk)h∈H,k∈{1,...,n} for an
element of T ∗MQ, where h ∈ H is an arrow from vertex s(h) to t(h), Bh ∈
Hom(Cvs(h) ,Cvt(h)), ik ∈ Hom(C
wk ,Cvk), and jk ∈ Hom(C
vk ,Cwk). Then we
have
(ωJ + iωK)((B, i, j), (B
′, i′, j′)) =
∑
h∈H
tr(ǫ(h)BhBh′)
+
n∑
k=1
tr(ikj
′
k − i
′
kjk), (14)
where we are identifying a fiber of T (T ∗MQ) with T
∗MQ and ǫ(h) = 1 if
h ∈ Q and −1 otherwise.
The group
G
v
=
n∏
j=1
U(Cvj )
acts on T ∗MΩ preserving the hyperka¨hler structure. The action vector field
corresponding to Y = (Y1, . . . , Yn) ∈ gv is
Y(B,i,j) = (Yt(h)Bh − BhYs(h), Ykik,−jkYk)h∈H,k∈{1,...,n}
Let Z
v
≃ u(1)⊕n denote the center of the Lie algebra g
v
ofG
v
and fix elements
ζR = ((ζR)1, . . . , (ζR)n) ∈ Zv and ζC = ((ζC)1, . . . , (ζC)n) ∈ Zv ⊗ C. Then,
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identifying g
v
with its dual via the hermitian inner product, hyperka¨hler
moment maps are
µI : T
∗MQ → gv =
n⊕
k=1
u(Cvk)
µJ + iµK : T
∗MQ → gv ⊗ C =
n⊕
k=1
gl(Cvk)
whose kth components are
(µI(B, i, j))k =
1
2

 ∑
h∈H,t(h)=k
(BhB
∗
h − B
∗
h¯Bh¯ + iki
∗
k − j
∗
kjk)

− (ζR)k ∈ u(Cvk)
((µJ + iµK)(B, i, j))k =
∑
h∈H,t(h)=k
(ǫ(h)BhBh¯ + ikjk)− (ζC)k ∈ gl(C
vk),
where h¯ denotes the edge h with the opposite orientation. We let M(ζR,ζC)
be the hyperka¨hler quotient with respect to this moment map.
From the discussion at the beginning of this section, α satisfies
dα = 0, d(Jα) = ωJ , d(Kα) = ωK
and from equations (12) and (13) along with (14), it is straightforward to see
that
α(Y ∗) = 0
(Jα + iKα)(Y ∗) = −2
n∑
j=1
(ζC)j tr(Yj),
where the last equation is restricted to the 0 level set of the moment map
(µI , µJ , µK). Thus by proposition 4, M(ζR,ζC) has a hyperholomorphic Lie
algebroid. The above equation along with corollary 1 gives
Proposition 7. The symplectic form ωJ on M(ζR,ζC) is pre-quantizable if
Im(ζC)1, . . . , Im(ζC)n ∈
1
2
Z. Similarly, ωK is pre-quantizable if
Re(ζC)1, . . . ,Re(ζC)n ∈
1
2
Z.
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5.3 Nahm’s equations
Now we will show that the moduli space of solutions to Nahm’s equations
[1, 13] has a canonical 1-form α satisfying (2). Let G be a compact Lie group
with an Ad-invariant inner product 〈·, ·〉 on its Lie algebra g. Fix τ1, τ2, τ3 ∈ g
such that the intersection of the centralizers is a Cartan subalgebra h ⊂ g.
We define
Aτ1,τ2,τ3 = {T0 + iT1 + jT2 + kT3 : [0,∞)→ g⊗H |
T0→0,
Ti→τi,i=1,···3
},
where the convergence is exponentially fast. Write T for (T0, T1, T2, T3).
The space Aτ1,τ2,τ3 is an affine space modeled on A0,0,0 and we have a
hyperka¨hler structure defined as follows. The metric is given by
||(t0, t1, t2, t3)||
2 =
∫ ∞
0
3∑
j=0
〈tj(s), tj(s)〉ds,
(t0, t1, t2, t3) ∈ A0,0,0 ≃ TTAτ1,τ2,τ3
and the complex structures I, J,K are given by right multiplication by−i,−j,−k,
respectively.
Let
G = {g : [0,∞)→ G | g(0) = e, lim
s→∞
g(s) ∈ exp h}
where e ∈ G is the identity element. Then G acts on Aτ1,τ2,τ3 via
g · (T0, T1, T2, T3) = (Adg T0 − g˙g
−1,Adg T1,Adg T2,Adg T3),
preserving the hyperka¨hler structure. The action is Hamiltonian and we have
the moment maps
µI(T0, T1, T2, T3) = T˙1 + [T0, T1]− [T2, T3]
µJ(T0, T1, T2, T3) = T˙2 + [T0, T2]− [T3, T1]
µK(T0, T1, T2, T3) = T˙3 + [T0, T3]− [T1, T2],
which are called Nahm’s equations. LetM = Aτ1,τ2,τ3//G be the hyperka¨hler
reduction at 0.
Now suppose τ2 = τ3 = 0. Then we have an S
1 action on Aτ1,0,0 via
eiθ · (T0, T1, T2 + iT3) = (T0, T1, e
iθ(T2 + iT3)),
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which commutes with the G-action. The moment map is given by T 7→
−
∫∞
0
〈T2(s), T2(s)〉+〈T3(s), T3(s)〉 and its exterior derivative is the G-invariant
1-form
αT (t) = −
∫ ∞
0
(〈T2(s), t2(s)〉+ 〈T3(s), t3(s)〉)ds.
If τ2, τ3 6= 0 then the integral defining the moment map diverges but α is still
well-defined since t2 and t3 converge to 0 exponentially fast and T2 and T3
are bounded.
The action vector field corresponding to
Y ∈ Lie(G) = {Y : [0,∞)→ g | Y (0) = 0, lim
s→∞
Y (s) ∈ h}
is given by
Y ∗(T0,T1,T2,T3) = ([Y, T0]− Y˙ , [Y, T1], [Y, T2], [Y, T3]). (15)
It is straightforward to verify that on Aτ1,τ2,τ3 , α satisfies
dα = 0, d(Jα) = ωJ , d(Kα) = ωK , α(Y
∗) = 0.
To invoke proposition 4, we just need to show that the (necessarily locally
constant) functions T 7→ (Jα)T (Y ∗), (Kα)T (Y ∗) are indeed constant on the
level set of the moment map.
Proposition 8. On the solution space to Nahm’s equations, we have
(Jα)(Y ∗) = −〈τ2, Y (∞)〉, (Kα)(Y
∗) = −〈τ3, Y (∞)〉.
Proof. We have
(Jα)T (t) = αT (t2, t3,−t0,−t1) =
∫ ∞
0
〈T2, t0〉+ 〈T3, t1〉
so that using (15) we compute
(Jα)T (Y
∗) =
∫ ∞
0
(
〈T2, [Y, T0]− Y˙ 〉+ 〈T3, [X, T1]〉
)
=
∫ ∞
0
(
−
d
ds
〈T2, Y 〉+ 〈T˙2, Y 〉+ 〈T2, [Y, T0]〉+ 〈T3, [X, T1]〉
)
= −〈τ2, Y (∞)〉+
∫ ∞
0
〈T˙2 + [T0, T2] + [T1, T3]︸ ︷︷ ︸
Nahm’s eq
, X〉
= −〈τ2, Y (∞)〉.
The proof for Kα is similar.
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From corollary 1 we have
Proposition 9. The symplectic form ωJ (resp. ωK) is pre-quantizable if the
element in h∗ dual to τ2 (resp. τ3) via the Killing form lies in the weight
lattice.
The space M is diffeomorphic to a complex coadjoint orbit of the com-
plexification of G [13] and is therefore simply-connected if G is. Thus in this
case the construction of section 4 can be used to construct the holomorphic
line bundle on its twistor space.
A Construction of the line bundle/Lie alge-
broid on twistor space
A.1 Definition of ϕj
Let F = F1 + iF2 and
F˜ =
1
ζ
F − ζF ∈ A 1,1V (2).
Let Y = X + iζ ∂
∂ζ
where X is the vector field for the infinitesimal S1-action
and the sum is via the C∞ decomposition TZ = TM ⊕ TCP 1.
Using (1), it is straightforward to verify that
LY ω = F˜ . (16)
Let {Uj} be an open cover of U such that on each Uj we have:
• A holomorphic lift Zj ∈ Γ(Uj ;T
1,0
Z ) of
∂
∂ζ
satisfying
LZj iζω = 0, (17)
which is equivalent to
LZjω = −
1
ζ
ω. (18)
• A 1-form Aj ∈ Γ(Uj ; Λ1,0T ∗V ) such that dAj = F |Uj
1.
1Such an Aj exists since we can find (at least locally) a line bundle and connection
with curvature F¯ . Then the (0,1) part defines a holomorphic structure so we can take Aj
to be the connection forms in a holomorphic gauge.
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Each Zj defines a local holomorphic splitting TZ ≃ TM⊕TCP 1 over Uj .
If µ ∈ A •v then we let µj ∈ A
•
Uj
denote the corresponding differential form
with respect to this splitting.
Define the vertical vector fields
Xjk = Zk − Zj ∈ Γ(TV |Uj∩Uk)
and
Tj = Zj −
∂
∂ζ
∈ Γ(TV |Uj).
We will make use of the following.
Lemma 2. For any µ ∈ Γ(Z; Λ•T ∗V ), we have
µk − µj = −dζ ∧ iXjkµ
dµj = (dV µ)j + dζ ∧ (LZjµ)j
and if v ∈ Γ(TZ) projects to a vector field on CP 1, then
Lvµj = (Lvµ)j + dζ ∧ (i[Zj ,vj ]µ)j ,
where vj is the vertical part of v with respect to the splitting determined by
Zj.
Proof. All of the equations are easily seen to be true when pulled back to
Λ•T ∗V , so it is sufficient to check that the equations are true when contracted
with Zj and then pulled back to Λ
•−1T ∗V . Let ι : TV → TZ be the inclusion.
We have
ι∗iZj (µk − µj) = ι
∗iZjµk = −ι
∗iXjkµk = −iXjkµ = iZj(dζ ∧ iXjkµ),
proving the first equation. The second equation follows from
ι∗iZjdµj = ι
∗
(
−diZjµj + LZjµj
)
= ι∗LZjµj = LZjµ
and the third from
ι∗iZjLvµj = ι
∗
(
LviZjµj + [iZj ,Lv]µj
)
= ι∗i[Zj ,v]µj = i[Zj ,vj ]µ.
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Proposition 10. The 1-form
i[Y,iζZj]ω + iiζTj F˜ − 2iζAj ∈ A
1
V (Uj)
is (vertically) closed.
Proof. Using (16) and (18), we have
dV i[Y,iζZj]ω = L[Y,iζZj]ω = [LY ,LiζZj ]ω = −iF˜ −LiζZj F˜
= −iF˜ −Liζ ∂
∂ζ
F˜ − LiζTj F˜ = −iF˜ +
i
ζ
F + iζF¯ − dV iiζTj F˜
= 2iζF¯ − dV iiζTj F˜ = dV (2iζAj)− dV iiζTj F˜ .
Therefore, shrinking Uj if necessary, we can find fj ∈ C∞(Uj) such that
dV fj = i[Y,iζZj]ω + iiζTj F˜ − 2iζAj ∈ A
1
V (Uj) (19)
Proposition 11. The function iX iXjkiζω − fk + fj is constant on Z0.
Proof. On Z0 we have
d(fk − fj) = i[X+iζ ∂
∂ζ
,iζXjk]
ω + iiζXjk F˜
= i[X,Xjk ]iζω − iXjkζω + iiζXjk F˜
= i[X,Xjk ]iζω + iiXjk(ωJ + iωK) + iiζXjkF˜
and
diX iXjk iζω = LXiXjk iζω − iXdiXjkiζω
= iXjkLX iζω + i[X,Xjk ]iζω − iXLXjk iζω
= iXjkLX iζω + i[X,Xjk ]iζω
= iζiXjkLY−iζ ∂
∂ζ
ω + i[X,Xjk]iζω
= iζiXjkF˜ + ζ
2iXjkL ∂
∂ζ
(
1
iζ
(ωJ + iωK)
)
+ i[X,Xjk ]iζω
= iζiXjkF˜ + iiXjk(ωJ + iωK) + i[X,Xjk]iζω.
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Thus iXiXjk iζω − fk + fj is a Ceˇch 1-cocycle with values in the constant
sheaf C. By our assumption that π1M = 0, we have
Corollary 2. We can choose the fj so that the function iX iXjk iζω− fk + fj
vanishes on Z0.
We are now able to define the 1-forms ϕj that will define the Lie algebroid.
Definition 2. Let
ϕj = iY ωj −
fj
iζ
dζ + 2ζAj ∈ A
1,0
Z (Uj).
Proposition 12. The form ϕk − ϕj is non-singular at Z0 and we have
dϕj = iY
(
dζ ∧
1
ζ
ω
)
+
1
ζ
F + ζF .
Proof. From lemma 2 and corollary 2, at Z0 we have
ϕk − ϕj = −iY
(
dζ ∧ iXjkω
)
− iX iXjkωdζ
= −iζiXjkω + dζ ∧ iX iXjkω − iXiXjkωdζ
= −iζiXjkω.
is non-singular.
We use lemma 2 and (18) to compute
d(iY ωj) = LY ωj − iY dωJ
= (LY ω)j + dζ ∧ i[Zj ,Yj ]ω − iY
(
dζ ∧ LZjω
)
= (F˜ )j + dζ ∧ i[Zj ,Yj ]ω + iY
(
dζ ∧
1
ζ
ω
)
while
d
(
−fj
iζ
dζ + 2ζAj
)
= −
(
1
iζ
i[Y,iζZj ]ω + iTj F˜ − 2ι
∗Aj
)
∧ dζ + 2dζ ∧ Aj + 2ζF¯
= dζ ∧ i[Yj ,Zj ] + dζ ∧ iTj F˜ + 2ζF¯ .
Since F˜ = (F˜ )j + dζ ∧ iZj F˜ , summing these gives
dϕj = iY
(
dζ ∧
1
ζ
ω
)
+ F˜ + 2ζF¯ = iY
(
dζ ∧
1
ζ
ω
)
+
1
ζ
F + ζF¯
as desired.
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Corollary 3. The forms ϕk − ϕj give a cocycle of holomorphic 1-forms on
U and therefore defines a holomorphic Lie algebroid on U .
It is straightforward to check that Y and ω are invariant under τ ∗ while
dζ/ζ and 1
ζ
F +ζF each pick up a factor of −1. Thus from the above proposi-
tion, we have τ ∗(dϕj) = −dϕj . Therefore we can extend this Lie algebroid to
all of Z by using the cocycle {ϕk −ϕj, τ ∗(ϕk)−ϕj, τ ∗(ϕj)− τ ∗(ϕk)} relative
to the cover {Uj} ∪ {τ(Uj)} of Z. Then {ϕj,−τ ∗(ϕk)} gives a connection
with singularities at ζ = 0, ζ =∞ of curvature iY
(
dζ ∧ 1
ζ
ω
)
+ 1
ζ
F + ζF .
A.2 Computation of the Atiyah class
We now show that the Lie algebroid constructed in the previous section is the
same one determined by the (1,1)-form 2iωI−2id(Iα). Any holomorphic Lie
algebroid on Z has an Atiyah class in H1(Ω1Z) = H
1,1(Z) coming from the
long exact sequence in cohomology associated to the short exact sequence of
sheaves
0→ dOZ → Ω
1
Z → dΩ
1
Z → 0.
Since H0(dΩ1Z) = 0 for twistor space [8], the map H
1(dOZ) → H
1(Ω1Z) ≃
H1,1(Z) is injective so that a holomorphic Lie algebroid is completely deter-
mined by its Atiyah class in H1,1(Z). We will prove
Theorem 4. The Atiyah class of the holomorphic Lie algebroid defined in
the previous section is
2iωI − 2id(Iα) ∈ H
1,1(Z).
To compute this characteristic class, we find a (1,0) form A− µ
ζ
dζ whose
residues at ζ = 0 and ζ =∞ agree with those of ϕj and ϕj˜, respectively. It
then follows that the Atiyah class of this Lie algebroid in H1,1(Z) is given by
∂¯ϕj − ∂¯
(
A−
µ
ζ
dζ
)
.
It is straightforward to verify
iXωJ = −Kα, iXωK = Jα, (20)
from which we see that the singular part of ϕj at ζ = 0 is
(ζϕj)|ζ=0 = (Jα + iKα)j + ifjdζ.
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If γ is a vertical differential form, we will abuse notation and write γ for
the corresponding differential form on Z obtained via the global C∞ splitting
TZ = TM × TCP 1. Then for any γ ∈ A 1(M) we have
γ − γj = γ(Tj)dζ.
Therefore in terms of the C∞ splitting we have
(ζϕj)|ζ=0 = Jα + iKα + (ifj |Z0 − (Jα + iKα)(Tj))dζ. (21)
Proposition 13. On Z0 ≃ M , the functions ifj − (Jα + iKα)(Tj) piece
together to a global function µ satisfying
dµ = 2α.
Proof. From corollary 2, the difference of these functions is
iiX iXjkiζω − (Jα + iKα)(Xjk).
By (20), the above becomes
iiX iXjk iζω + iiXjk iX(ωJ + iωK) = 0
on Z0.
Now, up to first order in ζ , [Y, iζZj] = iζ [X,Zj] − ζTj. So from (19) on
Z0 we have
dfj = i[X,Zj ](ωJ + iωK) + iiTj (ωJ + iωK) + iiTjF
= i[X,Tj ](ωJ + iωK) + iiTj (ωJ + iωK + F )
= i[X,Tj ](ωJ + iωK) + iiTjd(Jα + iKα)
= i[X,Tj ](ωJ + iωK)− idiTjd(Jα+ iKα) + iLTj (Jα + iKα)
= i[X,Tj ](ωJ + iωK)− idiTjd(Jα+ iKα) + LTj iX(ωJ + ωK)
= (i[X,Tj ] + LTj ◦ iX)(ωJ + iωK)− idiTjd(Jα+ iKα)
= iXLTj (ωJ + iωK)− idiTjd(Jα+ iKα).
From the degree zero part (in ζ) of (17), one sees that LZj (ωJ+iωK) = −2iωI
so that
dµ = iiXLTj(ωJ + iωK) = iiXLZj(ωJ + iωK) = 2iXωI = 2α.
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Now let
A =
1
ζ
(Jα+ iKα) + 2iIα+ ζ(Jα− iKα),
which is a 1-form on Z of type (1,0). Then from (21) we see that(
ζ
(
A+
µ
ζ
dζ
))
ζ=0
= (ζϕj)|ζ=0.
so that ϕj − A−
µ
ζ
dζ is non-singular at ζ = 0.
Since τ ∗(A+ µ
ζ
dζ) = −A− µ
ζ
dζ , we see that {ϕj−A−
µ
ζ
dζ,−τ ∗(ϕj)−A−
µ
ζ
dζ} is a non-singular connection for the Lie algebroid constructed in the
previous section. Thus the Atiyah class is represented by ∂¯(ϕj − A−
µ
ζ
dζ).
From proposition 12 we have
∂¯ϕj =
1
ζ
F + ζF¯ .
Now we have
dA =
1
ζ
(ωJ + iωK + F ) + 2id(Iα) + ζ(ωJ − iωK + F )
−
1
ζ
dζ ∧
(
1
ζ
(Jα + iKα)− ζ(Jα− iKα)
)
.
Now, since 1
ζ
(ωJ + iωK) + 2iωI + ζ(ωJ − iωK) is of type (2,0), we have(
1
ζ
(ωJ + iωK) + 2iωI + ζ(ωJ − iωK)
)
1,1
= −(2iωI)1,1.
Therefore, since 2id(Iα)− 2iωI is of type (1,1) we see that
∂¯
(
ϕj − A−
µ
ζ
dζ
)
= 2iωI−2id(Iα)+
1
ζ
dζ∧
(
1
ζ
(Jα + iKα)− ζ(Jα− iKα) + 2α
)
0,1
.
But this last term vanishes since
1
ζ
(Jα+iKα) + 2α− ζ(Jα− iKα)
= i
(
1
ζ
(J(Iα) + iK(Iα)) + 2iI(Iα) + ζ(J(Iα)− iK(Iα)
)
is of type (1,0). This proves theorem 4.
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